Quasiparticle scattering in two-dimensional electron systems is strongly constrained by momentum conservation and fermion exclusion. Two distinct types of collisions can occur: a) head-on collisions with nearly antiparallel incident momenta and unrestricted scattering angles; b) near-collinear smallangle scattering with generic incidence angles. The two collision types manifest themselves through eigenmodes and eigenvalues of a linearized collision operator, dominating the behavior of velocity distribution angular harmonics of parity even and odd under inversion p → −p. At low temperatures the even-parity rates are about (TF /T ) 2 faster than the odd-parity rates.
Processes that govern quasiparticle decay and lifetime in degenerate Fermi systems is one of basic topics of many-body theory [1, 2] . In simple three-dimensional metals the quasiparticle collision rate at a thermally broadened Fermi surface is described by the well known dependence γ ∼ T 2 /T F , with the temperature scale T F = ε F /k B . This result holds for the colliding particle states p 1,2 positioned anywhere on the Fermi surface regardless of the angle between the momenta, provided temperature is low enough, T T F . A very different behavior is found in two-dimensional metals, where generic momentum-conserving particle collisions at a thermally blurred 2D Fermi surface are blocked by fermion exclusion, resulting in nontrivial constraints for possible angles between momenta of colliding particles [3] [4] [5] [6] [7] [8] . The special role of head-on collisions and their significance for momentum relaxation was pointed out in Refs. [4] [5] [6] , their role in transport has been discussed recently in Refs. [7, 8] .
Here we extend these results to describe the eigenmodes and eigenvalues of the two-particle collision operator.
The blocking effect and the resulting constraints are illustrated by the diagram in Fig.1 which shows momenta of two particles before and after collision (labeled by 1, 2 and 1 , 2 , respectively). For particles with parabolic dispersion, ε = p 2 /2m, a standard argument due to energy and momentum conservation shows that the collision is head-on in the center of mass frame. As a result, possible momenta for states 1 and 2 must reside at the diametrically opposite points of a circle centered at the momentum Q = 1 2 (p 1 + p 2 ). This kinematic circle, shown by a thin line in Fig.1 , has radius determined by the energies of colliding particles. Crucially, for a generic choice of initial momenta the kinematic circle has a fairly small overlap with thermally blurred Fermi surface (red circle in Fig.1 ). Indeed, as illustrated in Fig.1 , nearly a half of the kinematic circle is submerged into the Fermi sea, with scattering into the corresponding states blocked by fermion exclusion. Further, the outer part of the kinematic circle is also unavailable for scattering since it is diametrically opposite to the submerged part. These constraints reduce the phase space available for scattering to the intersection of the kinematic circle and thermally blurred Fermi surface, which has a relatively small angu-FIG. 1: Constraints for two-body collisions 1, 2 → 1 , 2 at a thermally blurred 2D Fermi surface (red ring), due to momentum and energy conservation restrict possible final states to the kinematic circle shown in a thin line. Fermion exclusion makes the part of the circle submerged in the Fermi sea unavailable for scattering. States in the outer part of the circle, which is opposite to the submerged part, are blocked by momentum conservation. Only a small group of states at the intersection of the kinematic circle and the Fermi surface contributes to scattering, giving small-angle scattering with the angle change vanishing at low temperatures as ∆θ ∼ T /TF . The resulting momentum relaxation bottleneck is relieved by head-on collisions in which the angle change is unrestricted. lar span of order ∆θ ∼ T /T F . Small ∆θ values indicate that typical scattering processes do not provide a pathway for efficient momentum relaxation.
This does not mean, however, that overall momentum relaxation is particularly slow in 2D systems. It turns out that the momentum relaxation bottleneck is relieved by special two-body collision processes that contribute to momentum relaxation more strongly than the smallangle collisions discussed above. The dominant contribution to momentum relaxation arises from nearly head-on collisions of particles with momenta p and p ≈ −p. For such collisions the kinematic circle nearly coincides with the Fermi surface, opening up a large phase volume for scattering and allowing for an arbitrary change of angle on the Fermi surface. While the condition p ≈ −p constraints the phase volume for initial states, we will see that its effect is outweighted by a geometric "resonance effect" due to alignment between the kinematic circle and the Fermi surface.
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While the head-on collisions do lead to rapid momentum exchange between particles, there is one caveat. Such collisions change particle distribution simultaneously at the opposite points of the Fermi surface, p and −p, therefore providing a relaxation pathway only for the part of momentum distribution even under Fermi surface inversion, δf −p = δf p . The odd-parity part δf −p = −δf p does not relax due to such processes, giving rise to a large number of soft modes.
Here we present a systematic discussion of head-on collisions and the spectrum of a linearized collision operator. Kinetic equation describes time evolution of particle distribution in phase space,
is the collision operator. For two-body collisions, the quantity I[f ] can be written as a sum of transition probabilities for the processes that populate and depopulate the state with a given momentum p i :
where the sum runs over particle momentum states j, i , and j contributing to the transition. Taking interactions to be weak, we will use Fermi's Golden Rule for transitions |p i , p j → |p i , p j :
where ∆p = p i − p i is momentum transfer and the factors f i and 1 − f i describe occupancies of the initial and final states. The delta functions
account for energy and momentum conservation in ee collisions. We will ignore possible log enhancement of the scattering rate at a small momentum transfer [9, 10] . At low temperatures, transitions occur predominantly among the states near the Fermi level, ε i − µ ∼ T µ because the deep-lying states are blocked by Pauli exclusion principle, enforced in Eq.(2) by the factors 1 − f i , 1 − f j . Small deviation from equilibrium can therefore be described by distribution changes of the form
Here ϕ(θ p ) describes the angle dependence of the distribution δf along the Fermi surface, whereas the quantity − ∂f (εp) ∂εp behaves as a delta function δ(ε p − µ) of width ∼ T µ that is sharply peaked at the Fermi level. It is convenient to linearize I[f ] in δf , expressing the result in terms of the quantities δϕ(θ p ):
where from now on we will use f i to denote the equilibrium Fermi distribution f (0) (ε i ). The relatively simple form of Eq.(3), and in particular the combination ϕ(θ i ) + ϕ(θ j ) − ϕ(θ i ) − ϕ(θ j ), originates from the identity dθϕ(θ)ϕ (θ). This quantity can be simplified by integrating over the energy ε pi and normalizing by the density of states. This gives an expression to which the 'in' and 'out' states contribute in a more symmetric way:
This expression can be simplified by splitting the delta functions. This is achieved through introducing additional integration over energy and momentum transfer:
The summation over particle states now factors into pair contributions of particles i, i and j, j , which we evaluate separately. The sum over particle states ij,i j can be evaluated using polar coordinates, by writing d
dε i dθ i . We will integrate over energies accounting for the fact that, since relevant particle energies are very close to the Fermi level, the momenta inside the delta functions in Eq. (7) depend mostly on the angles and can therefore be taken as energy-independent. In this approximation, integration over energies can be performed as
The product of these quantities gives
2 , which is an even function of ω. Integral over ω can now be computed by splitting it as
and carrying out a by-parts integration
which gives a T 2 dependence. We see that the integral over ω is dominated by ω ∼ T , whereas the processes with energy transfer ω T are exponentially suppressed. These estimates confirm that, as expected, all the action is taking place on a thin shell in momentum space, |p| ≈ k F . The states outside this shell give an exponentially small contribution.
Next, we need to integrate over the four angles θ i along the Fermi surface |p| = k F . These integrals eliminate the four delta functions δ(p i − p i − q), δ(p j − p j + q), generating a result that subsequently must be integrated over momentum transfer q. To evaluate the integral over angles we parameterize p = k F (cos θ, sin θ). Without loss of generality choosing q along the x axis, we write δ(
The delta functions lock the angles into two possible arrangements
provided that q ≤ 2k F (there are no solutions for q > 2k F ). Integration over angles generates a Jacobian
that diverges at q = 0 and q = 2k F . Treating the delta function δ(p j − p j + q) and the integrals over θ j and θ j in the same manner we find a pair of solutions
These solutions describe two very different processes: at ζ = ζ the particles simply exchange their momenta, p j = p i , p i = p j , whereas at ζ = −ζ they collide head-on and scatter at an angle 2θ q into a 'head-out' pair of states p i = −p j . Putting everything together we arrive at
where the expression under ζ,ζ equals
This expression vanishes at ζ = ζ, as one might expect since the scattering processes in which particles exchange their states do not contribute to the relaxation of the angular distribution. The ζ = −ζ contributions give
This expression is finite for even harmonics with m = 0 but vanishes for the odd harmonics. Plugging it in Eq.(10) we obtain
(11) The poles at q = 0 and q = 2k F do not present any problem since the expression 1 − cos 2mθ q vanishes at these q values, leading to a converging integral over 0 < q < 2k F .
It is also interesting to note that, if the term cos 2mθ q is suppressed, the integral over q diverges logarithmically at q = 0 and q = 2k F . However, upon reinstating the term cos 2mθ q the log divergence is cut off at q ∼ The behavior of the odd-m rates can be understood taking into account that small-angle scattering results in random-sign angle steps ∆θ ∼ T /T F along the Fermi surface. At the same time the microscopic rates of the small-angle and head-on collisions are of comparable magnitude, and the former may even be somewhat enhanced by a log factor [9, 10] . The net result, therefore, is that the relaxation of the odd-parity harmonics is suppressed by slow angle diffusion such that γ m odd /γ m even ∼ m 2 (T /T F ) 2 at T T F .
